We compute all of the one-loop corrections that are enhanced, O(λ i λ j /16π 2 ), in the limit s |λ i |v 2 M 2 W , s m 2 12 to all the 2 → 2 longitudinal vector boson and Higgs boson scattering amplitudes in the CP -conserving two-Higgs doublet model with a softly broken Z 2 symmetry. In the two simplified scenarios we study, the typical bound we find is |λ i (s)| 4.
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Introduction
we do not consider the most general scalar potential in the 2HDM, but rather require that the potential is CP -conserving with a Z 2 symmetry that is at most softly broken. Furthermore, we content ourselves with bounding the quartic couplings at the one-loop level, and save bounding the masses of the Higgs bosons for future studies. To this end, we study two simplified scenarios, and find that the typical bound on the quartic couplings is |λ i (s)| 4.
The structure of the rest of the paper is as follows. We start in Sec. 2 by giving the background necessary to understand the calculations and analysis we perform. After describing the 2HDM, which also gives us a chance to define our notation, we review the partial-wave analysis that is used to obtain upper limits on the quartic couplings. The details of the one-loop computation are discussed next in Sec. 3 . In particular, the computation is greatly simplified through use of the Goldstone boson equivalence theorem, which relates scattering amplitudes with external longitudinal vector bosons to amplitudes external Goldstone bosons. The conditions for the Goldstone boson equivalence theorem to hold at the one-loop level place restrictions on which renormalization schemes can be used to render the one-loop amplitudes finite. We then move on to the analysis of constraints on the quartic couplings due perturbative unitarity at the one-loop level, which is done in Sec. 4 . After making some general considerations and reproducing the SM results, we analyze two simplified scenarios, the 2HDM in the limit where the longitudinal Goldstone boson scattering amplitudes possess an SO(3) symmetry, as well as a scenario inspired by the form of the scalar potential in the MSSM. After that, our conclusions are given in Sec. 5. Finally, Appendix A contains our results for the self-energies, while Appendices B and C contain our results for the scattering amplitudes.
Background

Two-Higgs Doublet Model
The two-Higgs doublet model contains two SU (2) L scalar doublets each with hypercharge Y = 1/2. We are using the convention Q = T 3 + Y , where T k = τ k /2 are the SU (2) L generators and τ k are the Pauli matrices. The most general scalar potential consistent with SU (2) L × U (1) Y can be written as, V = m Requiring Eq. (2.2) to be bounded from below leads to the following tree level constraints on the parameters in the potential [17] ,
In what follows, it will be convenient to expand the fields in the basis where the Z 2 is manifest as,
2). (2.4)
Here we have Φ † j = (0, v j / √ 2) with v 1 = v c β , v 2 = v s β , where we are using the notation s θ , c θ , and t θ are the sine, cosine, and tangent of θ respectively. The minimization of scalar potential, which breaks SU (2) L × U (1) Y → U (1) EM , is given by In some instances, it will prove more convenient to use the Higgs basis rather than the Z 2 basis. The Higgs basis can be obtained from the Z 2 basis by making the following rotation, H 1 = c β Φ 1 + s β Φ 2 , H 2 = −s β Φ 1 + c β Φ 2 , such that
with φ 1 = c β−α H + s β−α h, φ 2 = −s β−α H + c β−α h. In the notation of [31] , the potential in this basis is given by V = M We will occasionally refer to the alignment limit of the 2HDM, where s β−α → 1 for m h < m H or c β−α → 1 for m H < m h , and the couplings of the aligned Higgs boson approach those of the SM, see [18] or more recently [32] [33] [34] . Results from Run-1 of the LHC have pushed the parameter space of the 2HDM towards this limit [35] . There are two ways to achieve the alignment limit, decoupling, or alignment without decoupling (or both simultaneously). In the Higgs basis, decoupling occurs when M 2 22 v 2 , while alignment without decoupling can achieved by taking Λ 6 1.
Partial-Wave Analysis
We are interested in seeing how large the parameters of the 2HDM can be. To this end, we perform a partial-wave analysis. Partial wave amplitudes are bounded by the unitarity of the S-matrix, S † S = 1, which requires
Here, a 2→2 are the eigenvalues of the matrix of 2 → 2 -th partial-wave amplitudes, a 2→2 . In this work, we do not compute any of the inelastic scattering amplitudes that appear in Eq. (2.9). 2 We do however make a few comments about the 2 → n amplitudes before continuing with the analysis of the 2 → 2 amplitudes. The inelastic scattering amplitudes in Eq. (2.9) are computed in a basis where a 2→2 is diagonal, and in each term in the sum contains an implicit integral over the n-body phase space. The scattering amplitudes that enter the 2 → 3 partial-wave amplitudes scale as M 2→3 ∼ λ 2 i v/s, leading to |a 2→3 | 2 ∼ λ 4 i v 2 /s after the phase space integration is performed. Thus, in the energy limit under consideration, s |λ i |v 2 , the 2 → 3 partial-wave amplitudes can be neglected. The leading inelastic amplitudes that persist in the energy regime we are considering are the 2 → 4 scatterings, which have the following scalings, M 2→4 ∼ λ 2 i /s and |a 2→4 | 2 ∼ λ 4 i . In the SM, the 2 → 4 amplitudes are a few percent of the total contribution to the partial-wave amplitudes for moderate values of the quartic coupling [9] .
Henceforth we will drop the superscripts from a and only consider elastic scattering, unless explicitly stated otherwise. In this case, the unitarity of the S-matrix puts an upper limit on the magnitude of the eigenvalues of a ,
2 Note that because the a 's are eigenvalues, all of the 2 → 2 processes in Eq. (2.9) are elastic, and similarly, all of the inelastic processes in Eq. (2.9) are the 2 → n amplitudes. This is course not true in general, e.g. w + w − → zz is inelastic 2 → 2 scattering. As can be seen from Eq. (2.9), the equality is satisfied if and only if all of the inelastic scattering processes vanish. From (2.10), two perhaps slightly more familiar, but in general weaker bounds can be derived,
At tree level, and for the energy regime of interest,
, the only non-zero partial wave is the = 0 wave, so it will be the only partial-wave we will consider.
To compute a 0 , we adapt the approach of [25, 26 ] to the one-loop level. Refs. [25, 26] showed that the tree level derivation simplifies considerably in the Z 2 basis with nonphysical Higgs fields w ± j , n j , and n * j . At high energies, the SU (2) L × U (1) Y symmetry is manifest, and weak isospin (τ ) and hypercharge (Y ) are conserved by the 2 → 2 scattering processes at tree level. Thus, a 0 is block diagonal at leading order, with blocks of definite isospin and hypercharge. These blocks can themselves be broken down into smaller blocks by noting that, at tree level, Z 2 -even and -odd states do not mix.
The full set of initial states, and their representations under these symmetries is given in Table 1 . For the τ = 1 states, k = {3, +, −}. We have definedΦ j = (iτ 2 Φ j ) T . The states with Z 2 -even, Y = 1, τ = 0, i.e. For a given initial state i and final state f , the corresponding element of a 0 is given by,
where we have assumed the states can be treated as massless. Here, M i⊗f represents the sum of all possible amplitudes involving w ± j , n j , and n * j (with the appropriate weights) that can be formed from the initial and final states. For example, suppressing the explicit dependence on s and t,
The amplitude in Eq. (2.13) is actually zero at tree level (it's non-zero at one-loop), but was chosen as it is a simple example of the combinatoric exercise. The block diagonal structure of a 0 does not hold beyond tree level. However, it still has an important consequence for the analysis at the one-loop level. For all tree level blocks whose eigenvalues are unique (for a given net electric charge in the scattering process), because the block diagonal elements start at tree level and the off-block diagonal elements start at one-loop, the off-block diagonal elements do not affect these eigenvalues until the two-loop level. Thus, they can be ignored for the purposes of the one-loop analysis. For neutral initial states, eight of the 14 eigenvalues are unique, with three additional eigenvalues appearing twice. On the other hand, all of the eigenvalues for the charged initial states are unique. This difference occurs because, for example, both
are neutral initial states (that lead to the same block of scattering amplitudes), whereas
have opposite electric charges. At one-loop, the approach of [25, 26] works for all diagrams where the particles can all be treated as massless. In the high energy limit under consideration, this corresponds to all the 1PI one-loop diagrams. The only diagrams that can not be computed using this strategy are the external wavefunction corrections, as they are independent of s (and t).
3 One-Loop Calculation
Equivalence Theorem
We are interested in the full set of one-loop amplitudes for longitudinal vector boson and Higgs boson scattering in the energy regime,
The computation of these amplitudes can be greatly simplified through use of the Goldstone boson equivalence theorem [4, 5, [37] [38] [39] . At the one-loop level, the theorem states that an amplitude involving n external, longitudinally polarized vector bosons is related to an amplitude with n external Goldstone bosons as,
To make the computation of scattering amplitudes involving longitudinal vector bosons as simple as possible, we will use Eq. (3.1) and choose our renormalization scheme, to be discuss in Sec. 3.2, such that C = 1. As was just alluded to, the constant C depends on the choice of renormalization scheme [38] ,
where M 0 W and M W are the bare and renormalized mass of W ± respectively. In general, we denote the bare value of a parameter X, as X 0 , and its counterterm is defined by δX = X 0 − X. Z W + W − and Z w + w − are the wavefunction renormalization constants of the physical W ± bosons and the charged Goldstone bosons, w ± , respectively.
Ref. [38] showed that C = 1 + O(g 2 2 ) when the Goldstone bosons are renormalized using a momentum subtraction scheme with subtraction scale m 2 λ i v 2 , where g 2 is the gauge coupling of SU (2) L . Since M 2 W = g 2 2 v 2 /4 at tree level, the O(g 2 2 ) terms are small in the parameter regime of interest, g 2 2 λ i . In addition, this hierarchy in parameters further simplifies that calculation by allowing us to consider only scalar particles in the loop diagrams. Furthermore, since Z 1/2
]. This relation implies
with Z w ≡ Z w + w − .
Renormalization
The renormalization of the two-Higgs doublet model is discussed in depth in [40] . In contrast with that work, and the loop level SM perturbative unitarity analyses [7] [8] [9] [10] [11] , we use the MS renormalization scheme with two exceptions, which are necessary to satisfy the Goldstone boson equivalence theorem. The first exception is the finite renormalization of v, Eq. (3.3). In addition, instead of MS, we exactly cancel the tadpole diagrams by subtracting the appropriate combination of Goldstone boson self-energy and GoldstoneHiggs mixing at zero momentum from all the scalar self-energies and mixings [41] . The relevant part of the bare Lagrangian in the Higgs basis is,
At tree level, the right hand side of (3.4) is zero due to Eqs. (2.8), but this cancellation does not hold in general at the loop level. More to the point, (3.4) shows that the tadpole counterterms are related to the self-energies of the Goldstone bosons and the GoldstoneHiggs mixing at zero momentum. The particular combinations are,
Note that Π zz (0) = Π w + w − (0) and Π zA (0) = Π w + H − (0), and Π ij (p 2 ) = Π ji (p 2 ). All the tadpole diagrams can then be ignored provided the scalar self-energies are modified as follows,
with Π H + H − and Π AA unchanged. The mixing between the Goldstone bosons and the physical Higgs bosons must also be modified,
Explicit expressions for the self-energies can be found in Appendix A. The wavefunction renormalization then depends on the shifted self-energies as well,
ij is not symmetric, e.g. Z 1/2
H + w − = 0. For later convenience, we define a reduced wavefunction renormalization,
Importantly, in addition to exactly canceling the tadpoles diagrams, this scheme renormalizes the Goldstone bosons on-shell, which satisfies the condition for the Goldstone boson equivalence theorem to hold at one-loop as discussed in Sec. 3.1.
The quartic couplings and the soft Z 2 breaking parameter are renormalized using the MS scheme. The renormalized parameters are defined in terms of the bare parameters as,
where, as previously stated, X 0 are bare parameters and X are renormalized parameters. In D = 4 − 2 dimensions, after making the following replacements in the Lagrangian, λ i → λ iμ 2 with µ 2 = 4πe −γμ2 , the counterterms can be written as 
For a given parameter X in Eq. (3.12),
From Eqs. (3.3) and (3.11), it is straightforward to derive counterterms for the mass parameters,
14)
where we have defined,
These counterterms render the Higgs self-energies finite, which in turn modify the tree level relations between the physical Higgs masses and the parameters in Eq. (2.2). The loop level relations can be written in a form analogous to the tree level relations,
(and Π being the renormalized self-energy). We have chosen not to rediagonalize the mass matrix for the neutral, CP -even Higgs bosons, which would have induced a dependence of Eq. (3.16) on Π hH and a redefinition of α.
2 → 2 Scattering Amplitudes
The only one-loop diagrams that survive in the limit s |λ i |v 2 M 2 W , s m 2 12 are the 1PI diagrams with two internal lines, i.e. 1PI bubble diagrams, and the external wavefunction renormalization diagrams. 5 In this limit, the masses of the internal particles can be neglected in the bubble diagrams. This allows us to use the non-physical Higgs fields w ± j , n j , and n * j in computing the bubble diagram contribution to a 0 . Furthermore, in this limit, the bubble diagrams preserve the block diagonal form of a 0 . Up to symmetry factors, all of the bubble diagrams have the form,
For p 2 > 0, the branch cut in the log yields ln(−p 2 ) → ln(p 2 ) − iπ. Unfortunately, this trick of using non-physical Higgs fields will not work when computing the one-loop corrections to the external legs of the amplitudes because the masses of the Higgs bosons can not be neglected for those diagrams. Instead we calculate and renormalize the external wavefunction corrections in the Higgs basis with the physical Higgs fields, as the expressions are simpler in this basis. The results are then converted back to the parameters of the Z 2 -basis such that the parameterization of the scattering amplitudes is consistent amongst all of its contributions.
All of the energy dependence of a 0 in this limit can be subsumed into running couplings through standard renormalization group (RG) methods. The running couplings, λ i (µ 2 ), are the solutions to Eq. (3.12) with initial conditions at the scale µ 0 given by Eq. (3.16). By setting µ 2 = s in the fixed order scattering amplitudes, we remove all of the explicit energy dependence from (the high energy limit of) the amplitudes. Then the couplings appearing in the scattering amplitudes should be interpreted as the running couplings evaluated at µ 2 = s, i.e. λ i (s).
Consider a generic block of one-loop scattering amplitudes in a 0 ,
We label blocks of a 0 and their eigenvalues by the electric charge (Q), hypercharge (Y ), weak isospin (τ ), and transformation under Z 2 of their initial state. For a given Q, if the tree level eigenvalues for this block are unique (with respect to all of the eigenvalues of a 0 for that Q), the corresponding one-loop level eigenvalues are
5 The 1PI diagrams with three and four internal lines scale as v 2 /s and v 4 /s 2 respectively. The contribution of these diagrams to longitudinal vector boson scattering in the SM is IR-finite [8] . In the 2HDM, there are no new topologies, and the presence of extra masses in the loops can only serve to improve the regulation of the IR behavior of these diagrams, such that they can indeed be neglected in the limit s v 2 .
Explicit expressions for the scattering amplitudes that form the block diagonal and offblock diagonal elements of a 0 are given in Appendices B and C respectively. With this organization, for eigenvalues that are unique at tree level, the corresponding one-loop eigenvalues only depend on the results of Appendix B. On the other hand, for degenerate tree level eigenvalues, the corresponding one-loop eigenvalues depend on the results of both Appendices B and C. Our results for the tree level eigenvalues agree with those of [23] [24] [25] [26] ,
In Eq. (3.20), the tree level eigenvalues are not labeled with Q as, unlike the one-loop eigenvalues, they are degenerate with respect to the electric charge of the initial state.
Analysis of One-Loop Perturbative Unitarity Constraints
In this Section, we analyze the one-loop level unitarity constraints on the 2HDM. In addition to reproducing the SM results with our methods, we consider two simplified scenarios for the 2HDM: the case where the Goldstone boson scattering amplitudes have an SO (3) symmetry, and a 2HDM whose parameters are inspired by the form of the Higgs potential in the MSSM. It should be noted however that the results in Appendices A, B, and C can be used to analyze the CP -conserving 2HDM with a softly-broken Z 2 symmetry, which is more general than any of the scenarios considered in this Section.
General Considerations
Before getting into specific examples, we make some general considerations regarding the bounds on one-loop amplitudes from perturbative unitarity. Consider the case of when the tree level eigenvalue does not contain a square root, e.g. all of the Z 2 -odd eigenvalues in Eqs. (3.20) . At one-loop, an eigenvalue of this type can be parameterized as
We will explicitly break b 1 up into its real and imaginary parts in what follows,
The two constraints that are commonly considered in tree level analyses are (2.11), 1 ≥ |a 0 | and 1 2 ≥ |Re(a 0 )|. At one-loop, these bounds become
From this, we see the usual interplay between perturbativity and unitarity. The more interesting bound is (2.10), 1 2 ≥ |a 0 − i/2|, which first becomes non-trivial at the one-loop order. Expanding this unitarity constraint yields
The leading order bound from (4.3) is
Assuming (4.4) is saturated, or that perturbation theory holds, leads to a constraint on the real part of b 1 ,
Neglecting the wavefunction renormalization contribution to the scattering amplitude, (4.5) leads to bounds on the beta functions of the theory,
where 16π ≥ |b 0 | and β b 0 is the linear combination of beta functions appearing in the scattering amplitude. For example, if
Expanding (4.6) to leading order in b 0 yields,
Now consider the more general case where the eigenvalue has the form of Eq. (3.19). We will again expand the one-loop parts of the eigenvalues into the real and imaginary parts. The leading order bound from (2.10) is,
The constraint (4.8) is saturated when,
For all of the scattering amplitudes in Appendix B, the 1PI contribution to the amplitudes satisfies Eqs. (4.9) . This property of the scattering amplitudes is perfectly consistent with the statement that the equality in (2.10) (or (4.8)) is satisfied only when all of the 2 → n scattering processes vanish. When the wavefunction renormalization contribution to the scattering amplitudes contains an imaginary part, it is due to there being open decay channels. Clearly, decays are inelastic, and so the equality in (2.10) cannot be satisfied in this case. Neglecting the imaginary parts of the one-loop amplitudes, the generalization of (4.5) to eigenvalues with the form of Eq. (3.19) is,
Reproduction of the Standard Model Results
Since neither this renormalization scheme nor this basis for computing a 0 has been used for the Standard Model, we begin our analysis of specific models by reproducing the results of the SM. The matrix of scattering amplitudes for neutral initial states is,
where the initial (final) states of the columns (rows) are, 12) and Φ is the Higgs doublet of the SM with the Higgs mass at tree level given by m 2 h = λv 2 . Note that at tree level, a 0 is diagonal in the SM, as opposed to the block diagonal structure of the 2HDM. The eigenvalues of Eq. (4.11) are
whereλ = λ/32π. Eq. (4.13) is in agreement with Ref. [9] . Notice that a Q=0 0,1 is unaffected by the diagonalization of Eq. (4.11). This is due to the fact at tree level, a Another check of our SM result is to look at the fixed order expressions for a Q=0 0 in terms of the physical Higgs mass. Expanding the running coupling to the one-loop order,
, and eliminating λ through
we find
Eq. (4.16) is also in agreement with the results of [9] . The unitarity constraint |a are the tree level and one-loop contributions to the eigenvalue a 0 respectively. Minimal requirements for perturbation theory to hold are that the next-toleading order contribution to an amplitude should be smaller in magnitude than both the leading order contribution and the total amplitude. Thus, perturbativity is violated when R 1 = 1 or R 1 = 1. Based on the criterion, perturbativity is violated when λ(s) ∼ 4.3 − 5.1, as can be seen from Figure 1 . The solid curves and dashed lines in Fig. 1 correspond to R 1 and R 1 respectively. The eigenvalues entering into R 1 and R 1 in the green, blue, orange, and red curves in Fig. 1 
, and a Q=0 0,4 respectively. Ref. [9] states that the range of R 1 for λ(s) = 5 (in our notation) is 1.08 − 1.31. 6 Whereas we find that R 1 = {0.97, 1.31, 1.15, 1.08} for a Q=0 0,1−4 with λ(s) = 5.
SO(3) Symmetric Limit
In the SM, the Goldstone boson scattering amplitudes possess an SO(3) symmetry, analogous to the strong isospin symmetry of the pions. We start our analysis of the 2HDM by considering the highly simplified scenario where the Goldstone boson scattering amplitudes in the 2HDM retain the SO(3) symmetry they had in the SM. In the Higgs basis, it's clear that if the Goldstone boson scattering amplitudes are to have an SO(3) symmetry, at least at high energies, then only Λ 1 , Λ 2 , and Λ 3 can be non-zero. This choice brings about the alignment limit, and forces m H = m H + = m A . In the Z 2 -basis, these choices can only be achieved if λ 1 = λ 2 = λ 3 , and λ 4 = λ 5 = 0. Thus, we have the further simplification, Λ 1 = Λ 2 = Λ 3 . For definiteness, the potential in this case is,
(4.18)
The masses of the Higgs bosons are,
There are other symmetry considerations that lead to the mass spectrum in Eqs. (4.19) as well, such as the Maximally Symmetric 2HDM potential based on SO(5) [32] . Alternatively, this mass spectrum can also be obtained by demanding the stability of the scalar potential up to the Planck scale [44] . The reason for considering such a simple scenario is that it isolates one of the differences between one-loop scattering amplitudes in the SM and the 2HDM. The main difference between the tree level scattering amplitudes in the SM and the 2HDM is that there are five parameters in the 2HDM versus only one parameter in the SM. This scenario allows us to eliminate that difference. In doing so, we are able to isolate another difference, in the 2HDM the external wavefunction corrections contain terms of the form ln m 2 A /m 2 h . Due to this being such a simplified scenario, there are only two unique tree level eigenvalues, a 00even 0+ = −5λ 1 /16π, while all the rest are −λ 1 /16π. As a result, we will focus on the a 000even 0 block of a 0 ,
.
The definitions in Eq. (4.20) are
21)
The functions f and g have similar limiting behavior,
At one-loop, the eigenvalue of interest is
The Argand diagram of a 000even
0+
is shown in Figure 2 as a function of the running coupling λ 1 (s). The solid circle is the bound |a 0 − i/2| ≤ 1/2, whereas the dashed arc and the dotted vertical lines represent the bounds |a 0 | ≤ 1 and |Re(a 0 )| ≤ 1/2 respectively. The blue curve corresponds to m A = m h , and is labeled with various values of λ 1 (s). The orange curve instead corresponds to the limit s m 2 A m 2 h . In practice, this limit amounts to setting f (x) = g(x) = 0 in Eq. (4.23), but the heavy Higgses do not decouple completely (s m 2 A ) as there is an O(1) difference between the orange curve and the SM value, a 00even 0+SM = −3λ 1 /16π. Figure 2 shows that the effect of the real parts of the ln m 2 A /m 2 h terms are numerically unimportant, at least in the limit of an SO(3) symmetry. The green curve emphasizes a similar point, as it corresponds to neglecting the external wavefunction corrections completely. This shows that the contribution of the external wavefunction renormalization diagrams are typically small with respect to the 1PI diagrams (tree + one-loop), again at least in the case of an SO(3) symmetry. On the other hand, the red curve corresponds to m 2 h = 8m 2 A , leading to an imaginary part for Z h because the decay h → AA is now allowed. As can be seen from Figure 2 , the imaginary part of Z h is positive. However, even though this curve is further away from the other three curves in the Argand plane, it still doesn't cause a significant change to the bound on the quartic coupling; the orange curve yields λ 1 (s) ≤ 9.85, whereas the red curve yields λ 1 (s) ≤ 9.76. As we have just shown, unitarity can in principle hold up to λ 1 (s) ≈ 9.8 in the SO(3) symmetric limit. However, just as in the SM, perturbativity does not hold for such large couplings. Based on the criterion R 1 < 1, perturbativity is violated when λ 1 (s) ∼ 4.0 − 4.2, which can be seen from Figure 3 . Similarly, based on R 1 < 1, perturbativity is violated when λ 1 (s) ∼ 6.3 − 6.4. The solid curves and dashed lines in Fig. 3 correspond to R 1 and R 1 for the eigevnalue a 000even 0+ respectively. The blue, orange, green, and red curves/lines in Fig. 3 have the same parameterizations as the curves in Fig. 2. 
MSSM-like 2HDM
In the MSSM, the Higgs quartic couplings are related to the gauge couplings, respectively. The blue, orange, green, and red curves have the same parameterizations as they do in Fig. 2. to the MSSM potential are important, as at tree level the MSSM predicts min{m h , m H } < M Z , which is incompatible with the LHC measurements of a Higgs boson at 125 GeV. Clearly, the quartic coupling of the MSSM satisfy the tree level unitarity bounds, as we have assumed λ i g 2,1 in everything that proceeded Eq. (4.24). However, by considering a scenario inspired by Eq. (4.24), we can get a feel for the impact of the one-loop corrections without having to deal with the full complexity of the 2HDM parameter space. Specifically, we will take λ 1 , λ 3 , m A , and tan β to be free parameters, and enforce at tree level
It should noted however that the relations in Eqs. (4.24) are RG-invariant in the MSSM, whereas the analogous relations, Eqs. (4.25), are not RG-invariant if supersymmetry is not imposed on the 2HDM [19] . In this analysis, we impose the relations in Eqs. (4.25) at µ = √ s. As was the case for the SO(3) symmetric 2HDM, because of the relative simplicity of the MSSM-like 2HDM, there are more degenerate tree level eigenvalues of a 0 than there are in the general case of a CP -conserving 2HDM with a softly broken Z 2 symmetry. Due to this fact, we will first focus on a 10odd 0 = −(λ 1 + 2λ 3 ), which is unique at tree level. Neglecting the external wavefunction corrections, the one-loop eigenvalue in the MSSM-like 2HDM is
The full expression for a 110odd 0 , which valid for the more general case of the CP -conserving 2HDM with a softly broken Z 2 symmetry, is given in Eq. (B.19) . A typical result of The scalar integrals entering into the wavefunction renormalization terms are computed using LoopTools-2.12 [45] . It's clear from Fig. 4 that the approximation of neglecting the external wavefunction corrections becomes worse as the theory becomes more strongly coupled. However, the overall change in the bound extracted on λ 1 (s) does not change much despite this modest spread in predictions for a 100odd 0 near the unitarity circle, as can be seen by inspecting Fig. 4 .
Stronger limits can be obtained by combining the bounds for multiple channels. respectively. Note that the subscript + or − has been dropped in some cases because those eigenvalues become degenerate when the wavefunction corrections are omitted. Lastly, the gray parameter space is ruled out due to at least one of the eigenvalue exceeding the bound |a 0 −i/2| ≤ 1/2. Much of the parameter space in Fig. 5 that is viable with respect to unitarity can be eliminated by enforcing the tree level stability bounds, which in the MSSM-like 2HDM take the form λ 1 > 0, λ 3 > −λ 1 . The black, dotted line in the right panel of Fig. 5 indicates the tree level stability bound, and the parameter space to the left of this line is ruled out this bound. Figure 5 requires λ 3 to be negative at the high scale, µ = √ s. Curiously, in the MSSM λ 3 = (g 2 2 − g 2 1 )/4 is positive at the low scale, say µ = M Z . However, one should not rush to conclusions as there are important differences between the MSSM-like 2HDM and the actual MSSM, as noted at the beginning of this Subsection, 4.4.
As was the case for the SM and the SO(3) symmetric limit of the 2HDM, we also consider the limits obtained from perturbativity. Figure 6 shows the limits on λ 1 (s) and λ 3 (s) in the MSSM-like 2HDM due to perturbativity from requiring R 1 < 1 in the left panel, and R 1 < 1 in the right panel. The various solid and dashed curves correspond to the same eigenvalues as they did in Fig. 5 . As was the case for Fig. 5 , the gray parameter space is ruled out. Unlike the cases of the SM and the SO(3) symmetric limit of the Combining the bounds from Figs. 5 and 6, the limits on the quartic couplings are |λ 1,3 (s)| 4, at least for the regions of parameter space that satisfy the tree level stability bounds. In the MSSM-like 2HDM, the neglect of the external wavefunction corrections is justified a posteriori by comparing Fig. 4 against Figs. 5 and 6. Interestingly, both unitarity and perturbativity dominate the bounds on λ 1,3 (s) in certain regions of parameter space, whereas perturbativity was always the more dominant constraint in the SM and SO(3) symmetric limit of the 2HDM.
Conclusions
In this work, we computed all of the one-loop corrections that are enhanced in the limit s |λ i |v 2 M 2 W , s m 2 12 to all the 2 → 2 longitudinal vector boson and Higgs boson scattering amplitudes in the CP -conserving two-Higgs doublet model with a softly broken Z 2 symmetry. We found that the external wavefunction corrections are generally numerically subdominant with respect to the 1PI one-loop corrections, and that they can often be neglected to a good approximation. In the two simplified scenarios we studied, it was shown that combining perturbativity and unitarity places bounds on the magnitude of the quartic couplings of |λ i (s)| 4. It would be interesting to compute the tree level 2 → 4 scattering amplitudes in the 2HDM, which should be the leading contribution to the 2 → n partial-wave amplitudes. Then the equality Eq. (2.9) could be used to bound the quartic couplings rather than the inequality (2.10).
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A Results for Self-Energies
Our results for the self-energies in the 2HDM, which enter into the external wavefunction renormalization of the scattering amplitudes given in Appendices B and C, as well as the threshold corrections to the parameters of the 2HDM, are given in A.1. The cubic and quartic couplings that enter into the self-energies are given in A.2 and A.3 respectively. The particles that interact through a given coupling are listed to the left of the formula for the coupling, and the corresponding Feynman rules for these three-and four-point interactions are im n and ig n respectively. The self-energies are given in terms of the finite parts of the usual one-point and two-point scalar integrals, in D = 4 − 2 dimensions,
Explicitly, the finite pieces of the scalar integrals are,
A.1 Self-Energies
A.2 Cubic Couplings
hzz : m 2 = m 1 (A.15)
Hzz : m 4 = m 3 (A.17) 
AAzz : g 4 v 2 = 2m 
AAzA : g 8 = 3g 7 (A.38) Each amplitude, i → f , given in Appendices B and C corresponds to 256π 3 (a 0 ) i,f . The reduced wavefunction renormalization, Eq. (3.9), is used heavily is these expressions. All of the scattering amplitudes appearing in Appendix B are part of the diagonal blocks of a 0 . Off-block diagonal elements of a 0 have been relegated to Appendix C, as they do not contribute to the eigenvalues that are unique at tree level until the two-loop level.
Neutral Initial States:
(B.7)
(B.8)
Singly-Charged Initial States:
(B.13)
(B.16)
(B.20)
(B.21)
(B.24)
(B.25)
hh + 2z
hH s 2α + 2z
1/2
Doubly-Charged Initial States:
(B.27)
(B.28)
C Results for Scattering Amplitudes II: Off-Block Diagonal Elements of a 0
As in Appendix B, each amplitude i → f given in Appendix C corresponds to 256π 3 (a 0 ) i,f . The off-block diagonal elements of a 0 are given in Appendix C, all of which vanish at tree level.
Hh s 2α − z
1/2
Az − 2z
Hh s 2α + z
Hh c 2α − z
Az + 2z
Hh c 2α + z
Az c 2β
Az − 2z 
Az + z Hh s 2α − z
Az s 2β 
